Quantum spin Hall insulators are a class of two-dimensional materials with a finite electronic band gap in the bulk and gapless helical edge states. In the presence of time-reversal symmetry, Z2 topological order distinguishes the topological phase from the ordinary insulating one. Some of the phenomena that can be hosted in these materials, from one-dimensional low-dissipation electronic transport to spin filtering, could be very promising for many technological applications in the fields of electronics, spintronics and topological quantum computing. Nevertheless, the rarity of twodimensional materials that can exhibit non-trivial Z2 topological order at room temperature hinders development. Here, we screen a comprehensive database we recently created of 1825 monolayers that can be exfoliated from experimentally known compounds, to search for novel quantum spin Hall insulators. Using density-functional and many-body perturbation theory simulations, we identify 13 monolayers that are candidates for quantum spin Hall insulators, including high-performing materials such as AsCuLi2 and jacutingaite (Pt2HgSe3). We also identify monolayer Pd2HgSe3 as a novel Kane-Mele quantum spin Hall insulator, and compare it with jacutingaite. Such a handful of promising materials are mechanically stable and exhibit Z2 topological order, either unpertubed or driven by a small amount of strain. Such screening highlights a relative abundance of Z2 topological order of around 1%, and provides an optimal set of candidates for experimental efforts.
INTRODUCTION
Since the very first discovery of the quantum spin Hall insulating state in HgTe quantum wells in 2007 [1] , the study of topological states of matter has seen enormous progress both in theory and experiments [2] . Z 2 topological order, first discussed by in Refs. [3, 4] and [5] for two-dimensional models, has also been formalised for three-dimensional materials [6] , leading to the discovery of the so-called "strong" and "weak" topological insulators. Although substantial progress has been made in predicting and confirming with experiments several three-dimensional topological insulators of different classes [7] , scant progress has been made in identifying their two-dimensional counterparts, i.e. quantum spin Hall insulators (QSHIs). As of today, 1T'-WTe 2 is the only experimentally confirmed monolayer crystal hosting a robust QSHI phase up to 100 K [8] [9] [10] ; considering more general systems, Bi on a SiC substrate stands out being a QSHI with a record-high measured band gap of 0.8 eV, owing to covalent bonding with the substrate [11] .
Besides being of fundamental scientific interest, several technological applications of topological insulators have been proposed. A broad class of applications is based on using the one-dimensional topologically protected states at the edge of a QSHI to realize lowdissipation nanowires, where the elastic backscattering is forbidden by time-reversal (TR) symmetry and electron transport is spin-momentum locked [2] . For such applications, a large band gap would be beneficial not only to increase the operating temperature (limited by the intrinsic semiconducting behaviour of the bulk) but also to increase the transverse localization length of the edge states [12] . The latter could help to reduce inelastic backscattering with the bulk and, more relevantly, to suppress hybridisation effects between the two pairs of helical states at opposite edges of a ribbon that otherwise would gap the edge spectrum. In the so-called topological fieldeffect transistor (TopoFET) [13] , an out-of-plane applied electric field drives the system from a QSHI to a normal insulating phase and allows to switch on and off edge transport. It is clear that for TopoFETs applications, high-performance materials must exhibit an enhanced response to applied electric fields such that the topological phase transition occurs for realistic (i.e. sufficiently low) gate voltages. Coincidently, a larger band gap tipically implies a stronger QSHI phase and so larger critical fields for the topological phase transition. In addition, material-dependent effects, such as thermal expansion or electron-phonon couplings would also drastically affect the operating temperature of the device [14, 15] . Hence, an accurate figure of merit for TopoFETs would include not only the zero-temperature band gap and band inversion, but also a number of other quantities such as the critical electric fields or temperature of the topological phase transition, the stability with respect to oxidation and the availability of good dielectric substrates. By looking at the current scenario it is clear that the known QSHI materials present challenges for devices and applications, although examples like Ref. [11] (Bi on SiC) show that is realistic and plausible to substantially increase performance through a combination of novel materials and careful engineering.
It is then compelling to seek for novel QSHI materials, possibly outperforming the state of the art. The optimal material might constitute a Pareto optimisation that satisfies several requirements including, but not restricted to, those mentioned above. In this work, we use firstprinciples simulations to perform a systematic computational screening for QSHIs, using a combination of highthroughput density-functional theory (DFT) calculations, to first identify interesting candidates, and densityfunctional pertubation theory (DFPT) and many-body perturbation theory at the G 0 W 0 level (with spin-orbit coupling (SOC)) to provide accurate predictions on the most interesting materials. The results of this screening not only provide a distilled set of most promising QSHI candidates (several not reported before), that could focus experimental efforts, but it contributes to draw a comprehensive picture on the abudance and characterization of Z 2 topological order in 2D materials.
THE SCREENING PROTOCOL
We systematically explore 1825 two-dimensional (2D) materials coming from experimentally known, exfoliable compounds, searching for QSHIs. All these 2D materials were identified in Ref. [16] as easily or potentially exfoliable from their layered 3D parent crystals using extensive high-throughput first-principle calculations based on van-der-Waals DFT (vdW-DFT). Here, we select a set of computable properties defining good QSHIs candidates, and search the materials above in the hunt for novel QSHIs. In particular, we search for materials that are mechanically stable (i.e. whose phonons have no imaginary frequencies), that have a finite electronic band gap, a non-magnetic ground state and a non-trivial Z 2 topological invariant. We adopt a computational highthroughput funnel approach (see Fig. 1 ), where quantities that require less computational resources are computed first for the larger pool of structures, while more demanding properties are computed only for the progressively smaller sets of promising candidate materials. Given the manageable number of materials that we consider (of the order of thousands), we do not use approximate descriptors (as done earlier [17, 18] ) but we explicitly compute all properties from first principles. To begin with, we optimize the monolayer geometry (cell vectors and atomic positions) of the structures in set [16] with an upper limit on the number of atoms in the unit cell, both for their higher relevance and for computational efficiency. So we restrict ourselves to all compounds containing no more than 30 atoms in the unit cell, for a total number of 1582 structures. Then, lanthanides are removed, due to the limited accuracy of standard DFT in describing the electronic structures in such cases and the presence of multiple magnetic minima. The remaining compounds (1471 structures) are relaxed using the PBE functional assuming a non-magnetic ground state, yielding succesfully 1306 structures [19] . At this point, we compute Computational protocol for the screening of quantum spin Hall insulators (QSHIs) exfoliable from experimentally-known crystalline compounds. We start from the 1825 exfoliable 2D materials of Ref. [16] , and each step reduces the number of potential candidates, with progressively more computationally-intensive calculations. The highthroughput approach based on density-functional theory calculations is complemented by density-functional perturbation theory and many-body perturbation theory calculations for the most interesting candidates. In particular, the topological phase is tested at the G0W0 level with spin-orbit coupling (SOC).
band structures along high-symmetry lines using DFT and the PBE functional with SOC, selecting all the band insulators [20] . We compute the Z 2 invariant for all these by tracking the evolution of hermaphrodite Wannier charge centers (HWCC) [21] [22] [23] . At this point, all insulators with a non-trivial Z 2 invariant are considered tentative QSHIs and we assess their mechanical stability by computing phonon dispersions (see Methods) using DFPT [24] .
Although some recent work has focused on substituting the calculations of topological invariants with the use of descriptors [17, 18, 25] or on the elementary band representation [26] , we argue that the accuracy in the predictions of topological insulators is essentially driven by the accuracy of the calculated electronic structure and, in particular, of the spectral function. Substantial work has been made to find faster algorithms to compute the Z 2 and other invariants, henceforth facilitating the calculation of such invariants in large datasets of crystalline materials [27] [28] [29] at a relatively low cost, essentially by maximally exploiting crystalline symmetries. However, for a reliable screening of topological insulators, most of the human and computational effort still goes into accurate band structure calculations (e.g. using G 0 W 0 or dynamical mean field theory), in the study of possible magnetic ground states and in the assessment of mechanical stability (e.g. using phonons or molecular dynamics ) [30] .
By their very nature topological insulators are characterised by topological invariants, i.e. by integers that do not change under smooth deformations. Such a feature is often used as an argument in favour of the robustness of topological properties, the most spectacular cases being the quantisation of the Hall conductance in the integer quantum Hall effect [31] or the robust presence of topological insulator surface states with respect to surface reconstruction or different terminations. The issue is how easy it is, in practice, to perform a nonsmooth deformation, which for a real material means to either break the protecting symmetries or close the gap. Z 2 topological order is protected by time-reversal (TR) symmetry and so the system must be non magnetic: any time-reversal breaking perturbation would destroy topological order without even necessarily closing the gap. Hence, we select only materials whose ground state is non-magnetic based on the energetics of collinear DFT calculations for ferromagnetic and antiferromagnetic configurations (as in Ref. [16] , see Methods).
Then the question is whether DFT self-interaction, correlation effects, inaccuracies in the structural properties, or using Kohn-Sham (KS) states rather than Dyson orbitals are approximations severe enough to close the gap. For TR-invariant topological insulators such as QSHIs, the topological phase is driven by a combination of crystal symmetries, hybridisation and SOC, and each of these aspects must be accurately treated in order to get reliable predictions. Broadly speaking, the most significant approximation is using the KS states that underestimate the gap and often overestimate the strength of the band inversion, leading to possible false negatives (discarding as metals materials that are insulating) or false positive (predicting topological insulators that are actually trivial band insulators) [37] . SOC is typically sufficiently well described by semilocal DFT, in particular when the band gap opening is driven by atomic SOC [32] although quantitatively less accurately when SOC enters as a hopping term [33] .
Crystal symmetries are crucial and most predicted QSHIs actually fall in very few structure prototypes, such as the honeycomb lattice [34] or the distorted 1T' phase of transition-metal dichalcogenides [13, 35] . Recently, Ref. [26] emphasised on the importance of sitesymmetry groups, which impose strong constraints on the allowed connections between bands and hence determining the presence or absence of disconnected elementary band representations (i.e. topologically non-trivial manifolds) around the Fermi level. Hence it is very important to adopt a crystal structure that faithfully represents the experimental structure at least at low temperatures, where the vibrational effects can be neglected [36] . In this regard, it is preferable to start from experimental data even in the case of novel 2D materials that have not been studied in experiments, as the vast majority of known exfoliable 2D materials inherit the crystal symmetries of their parent 3D layered crystal and do not undergo structural transitions in the monolayer limit.
Nonetheless, Ref. [37] highlighted how sensitive Z 2 topological order is with respect to the equilibrium lattice constant. In our protocol we always start from experimental crystal structures and perfom a first structural optimization using vdW-DFT; once identified as exfoliable, we perfom a second structural optimization for the monolayers using DFT-PBE. For materials that are identified as prospective QSHI candidates we perform an additional structural optimisation with tighther thresholds and more accurate, more computationally expensive, pseudopotentials (see Methods). Although we pay particular attention to structural optimizations, we also monitor deviations between the experimental and the calculated equilibrium lattice constants. Hence, we augment our protocol by considering all metals with a direct gap (DGM) along high-symmetry paths (built following Ref. [38] ) and apply a ±1, 2, 3% hydrostatic strain (see Methods). DGMs are chosen because they can be adiabatically connected to the insulating state and the Z 2 invariant can be well defined considering the first n e bands where n e is the number of electrons, even if the Fermi level does not lie in a gap. If a DGM becomes an insulator under strain then the strained structure is added to the list of materials to be screened for QSHIs. This procedure has the two-fold purpose of identifying materials that would be QSHIs at their experimental lattice constant or that could be driven to be QSHI, e.g. by choosing a suitable substrate. There could still be systems that would not become insulators under strain at the DFT-PBE level and yet be insulators experimentally and recognised as such by e.g. many-body pertubation theory. Although such materials can exist and may even display robust band inversions, it is unlikely that they would have very large band gaps, hence we leave such investigation to future work.
Finally, we address correlation effects by performing (very costly) many-body perturbation theory calculations (G 0 W 0 with SOC) for the five most interesting QSHI candidates. These materials have been chosen as optimal in the sense they optimize the multidimensional requirements of low binding energy, large electronic band gap and strong band inversion. Some of them excel for specific aspects (e.g. large band gap) while keeping a sufficiently good performance on all the other relevant parameters, or because they show a good average over all parameters without being the top material in any of the quantities considered.
Although the suppression of bulk transport is inherently related to the size of the global band gap, the robustness of the topological phases is mostly dictated by the magnitude of the band inversion. To be more precise, we define the inversion strength (IS) for the two classes of QSHIs.
For Bernevig-Hughes-Zhang (BHZ) QSHIs [39] , where there is a clear band inversion between electronic bands of different orbital character, the IS is defined as the energy difference between the lowest unoccupied and the highest occupied band at the high-symmetry point where the band inversion occurs (e.g. Γ for Bi monolayers). For Kane-Mele QSHIs, where a single Dirac cone at K is gapped by the Kane-Mele SOC [3, 4] , we define the IS as the direct band gap at K. Hence we compute the inversion strength both at the DFT-PBE and G 0 W 0 levels with SOC, by evaluating the direct gap at the relevant high-symmetry point. G 0 W 0 calculations of 2D materials are known to be very challenging in terms of computational resources due to the strong dependence of the 2D dielectric function around q = 0 [40, 41] . Hence, we provide an accurate estimate of the band inversion by using a series of very dense k-point grids (eg. up to 48 × 48 × 1 or more) and extrapolate to an infinitely dense grid (see Methods).
RESULTS
The results of the computational screening are summarized in Fig. 2 and in Tab. I. We find 13 QSHIs candidates using the protocol described above and they are listed in Tab. I, together with key relevant properties: the space group, binding energy, band gap, inversion strength, underlying model (BHZ or KM), minimum amount of strain to drive an insulating topological phase and relevant references if present. In addition, we present in the Supporting Information the crystal structures, the DFT-PBE band structures (with and without SOC), and the DFPT phonon dispersions (without SOC, except for jacutingaite) for each of these candidates. In Fig. 2 we report the band gap at the DFT-PBE level versus the average atomic number of a given crystal structure for all the screened materials whose band gap is in a relevant energy range. All compounds are identified by a green disk, and QSHI candidates (at the DFT-PBE level) are marked with an additional red circle. In case the QSHI phase is driven by strain the structure is marked by an orange circle and the disk is colored in blue according to the minimum amount of strain that is necessary to drive a transition from the metallic to the insulating state (essentially opening an indirect band gap).
As expected all candidates are essentially narrow gap semiconductors, with band gaps lower than 0.6 eV driven by SOC. A part from the obvious observation that SOC is due to the presence of heavy chemical elements, there is no strong correlation between the magnitude of the band gap and the highest or average atomic number for the atoms of a given structure. However, the two largest-gap candidates, namely Bi and Pt 2 HgSe 3 , indeed contain three of the heaviest non-radioactive elements of the periodic table (Pt, Hg, Bi). In addition to the exfoliable materials of Ref. [16] , we added Pd 2 HgSe 3 which was not included in ICSD or COD at the time the study of Ref. [16] was performed. Pd 2 HgSe 3 is a crystalline compound that has recently been identified experimentally [44, 45] and whose structure is identical to jacutingaite (Pt 2 HgSe 3 ) and is also potentially exfoliable with a very similar binding energy (∼60 meV ·Å −2 , see Tab. I). We now first discuss individually the most interesting candidates and then comment on some trends.
Bi. Monolayer bismuth has long been predicted to be a QSHI [46] , although experimental confirmation has proven to be difficult [47] [48] [49] and the isolation of a clean monolayer is still a challenge. With a very low binding energy (∼ 20 meV ·Å −2 ), a strong band inversion (0.7 and about 0.8 eV at the PBE and G 0 W 0 level respectively) and very large band gap (∼ 0.6 eV with PBE), monolayer bismuth remains superior to all other candidates. Monolayer bismuth is a unary compound with a relative simple crystal structure, namely a buckled honeycomb lattice with two atoms per unit cell, that makes it appealing also from the point of view of experimental synthesis. Indeed, a recent experimental effort reported that Bi on a SiC substrate is a record-high QSHI with a 0.8 eV band gap, although the covalent bonding substantially alters the atomic and electronic structure of the monolayer [11] .
Pt 2 HgSe 3 /Pd 2 HgSe 3 . Jacutingaite (Pt 2 HgSe 3 ) and Pd 2 HgSe 3 share very similar band structures (see Fig. 3 ). They both realize the Kane-Mele model with a Dirac cone at K split by SOC, although they also exhibit some differences. Pd 2 HgSe 3 is metallic at the level of DFT-PBE: although SOC opens a gap at K, the bottom of the conduction band (at Γ) is degenerate with the top of the valence band (at K), realizing a peculiar semimetal with a finite direct gap at each k−point. G 0 W 0 quasiparticle corrections open a gap and show that monolayer Pd 2 HgSe 3 is a Kane-Mele QSHI, with a band inversion estimated from extrapolations to be around 41 meV. In addition, the direct gap at K is roughly a third (0.07 eV with PBE) of the one of jacutingaite (0.17 eV with PBE); this is perfectly consistent with the analysis of Ref. [33] where 2/3 of the gap at K of jacutingaite is attributed to Pt and only a third to Hg. We stress that these are the only two QSHI candidates of the Kane-Mele type we found (in addition to graphene itself which is not included here owing to its vanishing small band gap). tions when predicting topological phases [37] , especially for 2D materials where dielectric screening is weak and the dielectric function has a strong spatial dependence [40, 41] . AsCuLi 2 . This is a promising QSHI candidate, not reported before, with a good band inversion (0.08 eV with PBE) that gets actually stronger at the G 0 W 0 level (0.17 eV) and a sufficient band gap (0.06 eV at the PBE level). The crystal and band structures of monolayer AsCuLi 2 are reported in Fig. 4 . The crystal structure can be decomposed into a honeycomb lattice made of As and Cu (as in hexagonal boron-nitride) sandwiched between two triangular lattices made of Li; the two Li sublattices sit above and below the mirror plane represented by the AsCu sublattice. This is a novel structural prototype for QSHIs, it has space group 187 and it is characterized by a clean band inversion at Γ. At the DFT-PBE level without SOC, the system is a filling-enforced semimetal, i.e. the Fermi surface displays nodal features at specific electron fillings that are protected by a combination of crystalline and time-reversal symmetries, characterised by a symmetry-protected four-fold degenerate point at Γ. The orbital character of the Fermi surface is a combination of d x 2 −y 2 , d xy orbitals of Cu and p x , p y orbitals of As. Here SOC gaps the four-fold degeneracy point and opens an indirect gap, owing to the presence of the heavy element As.
W(Mo)Te 2 . Transition metal dichalcogenids in the 1T' phase have been predicted to host robust QSHI phases [50] , with several experimental confirmations for the case of WTe 2 [8] [9] [10] . On the computational side, the strong band inversion of WTe 2 is present at different levels of theory, from PBE [50] to HSE [8, 51] to G 0 W 0 [50] . However, the evidence of a strictly insulating bulk with a finite band gap is extremely sensitive to the lattice constant and the techniques used to compute the band structure, where a finite gap appears with the HSE functional while no indirect gap is present with PBE and G 0 W 0 . At the PBE level, a small compressive strain (2%) is enough to open a global gap. WTe 2 has a low binding energy (∼ 30 meV ·Å −2 ) and it is known to be exfoliable with scotch-tape techniques [10] . Among the QSHIs we find, WTe 2 currently considered the best monolayer QSHIs, is not studied in detail here as it has been thoroughly discussed in recent experimental and theoretical literature [8] [9] [10] 13] .
MM'Te 4 . Monolayers of the MM' class of tellurides, where M = Nb, Ta and M' = Ir, Rh, had already been proposed in Ref. [35] and confirmed here to host the QSHI phase. Their low binding energy and good band inversion (up to ∼ 0.2 eV in TaRhTe 4 ) makes them good candidates for experimental studies.
In 2 ZnS 4 .
In addition to potentially novel highperformance QSHI candidates, the computational screening provides also novel ideas and prototypes that would possibly inspire the engineering of materials, with In 2 ZnS 4 being an excellent example. In 2 ZnS 4 is a potentially exfoliable material (E b ∼ 35 − 40 meV ·Å −2 ) with a good band inversion and a vanishing small band gap, overall a not-so promising QSHI candidate. However, In 2 ZnS 4 has a very peculiar crystal structure that could be thought of as being made of two separate 2D subunits, partially bonded together by van der Waals interactions. In fact, in order to properly refine the crystal structure we further optimize it by using a non-local vdW functional (DF2-C09 [52, 53] , see Methods). The case of In 2 ZnS 4 suggests the possibility of stacking monolayers with moderate interactions to engineer a topological phase, where the strength of the interactions is stronger than in simple vdW heterostructures and substantially weaker that in the case of Bi on a SiC substrate [11] . To this aim, one could explore all the possible combination of the ∼1000 potentially exfoliable materials identified in Ref. [16] .
ZrBr(Cl). In these materials the QSHI phase, typically driven by crystal field and marked by relatively small band inversions with small or even vanishing indirect band gaps, is very sensitive to the lattice constant [37] . This can potentially be exploited by substrate engineering, where the choice of a suitable close-matched substrate can strain the monolayer and drive a QSHI phase. At the DFT-PBE level, ZrBr has a small band inversion and it is just on the edge of being an insulator, with an indirect gap that opens already at 1% of isotropic strain. ZrCl has the same prototype of ZrBr, although it requires a little bit more strain (3%) to open a band gap. Although the limited number (13) of QSHI candidates does not allow to use statistics, it is worth mentioning that one-third of all candidates have a crystal structure with space group P3m1 (164) and all candidates have less than 12 atoms per unit cell (our search was conducted on all exfoliable materials with up to 30 atoms per unit cell). This hints at a possible correlation between the presence of a QSHI phase and particular structural motifs or specific point groups in small crystal structures, and it will be studied in future work. In addition, the presence of very heavy elements such Bi, Hg, Pt (and probably Pb [54] ) seems to be beneficial for large band gaps, independently of the precise mechanisms through which SOC opens a band gap.
CONCLUSIONS
Using a combination of high-throughput DFT techniques and accurate DFPT and MBPT-G 0 W 0 calculations, we have screened 1306 out of 1825 exfoliable twodimensional materials proposed in Ref. [16] , to search for novel QSHIs. We have identified 13 monolayers as dynamically stable and potentially exfoliable QSHIs. By using the high-throughput protocol described here, we identify several compounds that have already been predicted as QSHIs (e.g. TaRhTe 4 or TiNI) and, in a few cases, also confirmed with experiments (Bi, WTe 2 ), validating the approach. In addition, we found several novel candidates, including promising high-performance materials such as AsCuLi 2 , a second Kane-Mele QSHI Pd 2 HgSe 3 or inspiring novel prototypes such In 2 ZnS 4 . We also showed the importance of adopting accurate theoretical frameworks to deal with SOC and excited states, which can dramatically affect the prediction of topological phases; this is most remarkable in the case of TiNI, predicted to be a QSHI by DFT-PBE calculations and found here to be trivial at the level of G 0 W 0 . This screening effort points to a relative abundance of Z 2 topological order in twodimensional insulators of around 1%. We want to remark that this does not imply that topological order is a rare property; at least for 3D materials this has been shown not to be the case [26] , with a sizeable fraction of all crystals showing electronic manifolds that are topologically non-trivial in a broad sense [27] [28] [29] . What seems to be relatively rare is the simultaneous occurrence of a true 2D bulk insulating phase that exhibits Z 2 topological order considering the entire manifold of the occupied valence bands, which phenomenologically coincides with the presence of strictly 1D electronic transport dominated by topologically-protected helical edge states. We differentiate such systems, both topological and truly insulating, from the general case of metals with a well defined interband gap where non-trivial topological invariants can be well defined. In the latter case, topologicallyprotected gapless edge states are superimposed to the gapless bulk energy spectrum; the entire system, bulk and terminations alike, behave as a metal. As a matter of fact, only systems where the electron transport happens exclusively at the 1D topologically-protected helical edge states can be of interest for devices and applications, allowing to exploit the absence of elastic backscattering, spin-momentum locking and robustness to pertubations.
The present screening provides a useful set of promising and novel QSHI candidates that would ideally prompt further experimental efforts. Finally, we highlight that extensive computational materials screening of this kind provide a unique advantage of finding unexpected novel prototypes and mechanisms that do not fit into the existing knowledge and could possibly inspire, as in the case of In 2 ZnS 4 , novel engineering strategies.
DFT calculations are performed with the Quantum ESPRESSO distribution [55, 56] , using the PBE functional and the SSSP [57] and PseudoDojo [58, 59] pseudopotentials' libraries. The SSSP library [57] contains two sets of extensively tested pseudopotentials from various sources: the SSSP efficiency, tailored for highthroughput materials screening, and the SSSP precision, developed for high-precision materials modelling. As of today, the SSSP precision library is the most precise open-source pseudopotential library available [57] compared to all-electron reference data [60] . For the SSSP library wavefunction and charge-density cutoffs are chosen according to convergence tests with respect to cohesive energy, pressure, band structure and phonon frequencies performed for each individual element, as discussed in Ref. [57] . For the fully-relativistic PseudoDojo library [59] wavefunction cutoffs are chosen according to convergence tests with respect to the band strucure of elemental crystals, in particular converging the η v and η 10 below 10 meV and max η v and the max η 10 below 15 meV respectively (see Ref. [57] ). For the high-throughput calculations without (with) SOC we use a k-point density of 0.2Å −1 using a Marzari-Vanderbilt smearing [61] of 0.02 Ry and the SSSP efficiency v1.0 (PseudoDojo) library. Structural optimization, band structures and phonon dispersions are computed using scalar relativistic calculations without SOC using the SSSP library v1.0, band structure are also recomputed using fully relativistic calculations with SOC using the PseudoDojo library. Two exceptions are made, namely for monolayer TiNI where PseudoDojo pseudopotentials have been used both for the scalar and fully relativistic calculations, and for monolayer In 2 ZnS 4 where we used the vdW-DF2 functional [52] with C09 exchange (DF2-C09) [53] for the structural optimization in order to take into account the effect of van der Waals interaction between the ZnS and In 2 S 3 subunits. For the materials identified as band insulators, the subsequent fully-relativistic calculations (e.g. to compute the Z 2 invariant) are performed with fixed occupations. A refinement on structural optimization of the QSHIs candidates is performed using a k-point density of 0.1Å −1 and the SSSP precision v1.0 library.
The interlayer distance and E b are computed [16] using two different non-local van-der-Waals functionals: the vdW-DF2 functional [52] with C09 exchange (DF2-C09) [53] and the revised Vydrov-Van Voorhis (rVV10) functional [62, 63] . Topological invariants are computed using Z2pack [22, 23] . Phonons dispersion have been obtained using DFPT [24] with the 2D Coulomb cutoff [64, 65] , using the SSSP precision library v1.0 and a q-points mesh at least half as dense as the one used for the refinement (so roughly 0.2Å −1 ).
G 0 W 0 calculations are perfomed with the Yambo code [66, 67] on top of DFT-PBE calculations performed with Quantum ESPRESSO. For the Yambo calculations, we use fully relativistic ONCV pseudopotentials from the PseudoDojo library, using the GW version (with complete shell in the valence) [59] when available. In the G 0 W 0 calculations we adopt the random integration method (RIM) [66] , the 2D Coulomb cutoff [66] and the plasmon-pole approximation for the frequency dependence of the self-energy [68, 69] . SOC is included self-consistently at the DFT level using spin-orbitals, and fully taken into account at the G 0 W 0 level using a spinorial Green's function. The inversion strengths introduced in the main text are computed at the G 0 W 0 level via extrapolation to an infinite dense k−point mesh, by using a fitting function of the form
where N k is the total number of k−points in the full Brillouin zone. Part of the calculations are powered by the AiiDA [70] materials' informatics infrastructure. Direct gap metals (DGM) are identified by computing the direct band gap at every k-point along high-symmetry lines [38] with a k-point density of 0.01Å −1 : if the system is metallic but there is a direct gap at every k-point, i.e. min k (ε ne+1 (k) − ε ne (k)) > 0.01 eV (2) where n e is the number of electrons (equal to the number of occupied bands in fully-relativistic calculations with SOC), then the system is considered a DGM. The magnetic screening is perfomed with collinear DFT-PBE calculations using the procedure employed in Ref. [16] . First, we explore whether the system is prone to magnetism, by taking the primitive structure and assigning to each atom a collinear random magnetization. Five random configurations are tested by computing the total energy: if at least one configuration results in a magnetic ground state with total energy lower than the one of the initial non-magnetic state, then the configuration is further screened for magnetism otherwise it is considered non magnetic. For the former class of structures, magnetism is further tested by building supercells up to twice the original volume, exploring a range of magnetic, antiferromagnetic and ferri-magnetic configurations. Among the different configurations, the one lowest in energy is taken to be the true ground state. In the high-throughput screening for QSHIs we first assume non-magnetic ground states and after, we discard QSHI candidates that are later found to have a magnetic ground state by using the aforementioned protocol.
